Potential Energy Surface for the (p − He 2+ − He) system is calculated in the framework of the restricted (singlet spin state) Hartree-Fock method with subsequent account of the electronic correlations within the second order perturbation method (MP2). The geometry of heavy particles is described in variables of distance r from nucleus a to antiproton, distance R from the center of mass of the (p − a) pair to He atom containing nucleus b, and an angle θ between r and R. The potential V (R, r, cos θ) of the interaction between He atom and ap − a subsystem involves a total energy of two electrons in the field of three heavy particles and Coulomb interactions of the b nucleus with antiproton and the a nucleus. The expansion of this potential in terms of Legendre polynomials P k (cos θ) is obtained. Matrices of the multipole terms V k (r, R) (k = 0, 1, 2) are obtained in the basis of antiprotonic helium ion states. The results are compared with the model potential that was used earlier in the calculations of collisional Stark transitions of (pHe 2+ ) ion. Total cross sections of collisional Stark transitions obtained with the PES potentials exceed the model results by 15 -20% at E ≤ 12 K.
Introduction
The experimental discovery and investigation of the metastable antiprotonic states in helium have opened a new chapter in the study of antiprotonic atoms (see comprehensive reviews [1, 2] ). In addition to the fundamental properties of the antiproton, these experiments give interesting insights into the interaction of antiprotonic helium with ordinary atoms and molecules. The data stimulated many theoretical papers on the mechanisms of antiprotonic helium formation, collisional quenching of the metastable states, effects of collisional (density) shift and broadening of E1-spectral lines, etc. The detailed study of metastable states of antiprotonic helium by the ASACUSA collaboration at the AD beam (CERN) brings further data that pose specific problems in the theory of collisional effects at low temperature (∼ 10 K). Thus, the measurements of hyperfine splitting of antiprotonic helium levels by a triple laser-microwave-laser resonance method [3, 4, 5] and their interpretation require calculations of the rates of collisional transition between HFS sublevels as well as the density shifts and broadenings of the microwave M1 spectral lines [6, 7] .
Among many experimental results obtained by ASACUSA collaboration, there is one very specific: the first observation of cold long-lived antiprotonic helium ions (pHe 2+ ) in the states with definite quantum numbers (n = 28 − 32, l = n − 1) [8] . It was observed that these states have lifetimes τ ∼ 100 ns against annihilation, and rates of annihilation λ = τ −1 increased roughly as a linear function of target density at ρ < (5 − 10) · 10 17 cm −3 and temperature T 10 K. The antiproton annihilation occurs in the states with small angular momentum, therefore the observed lifetime has to be attributed to the time of transitions from the initial state (l i 30) to the S, P, D states. Radiative transitions from the circular orbits (l = n − 1) at large n are strongly suppressed, therefore a main contribution to the effective rate of annihilation comes from collisional transitions. In this case the observed values of λ (at the given ρ and T ) require to have an effective cross section for the initial states σ q ∼ (4 − 10) · 10 −15 cm 2 . This value is an order of magnitude larger than previous theoretical cross sections for collisional Stark transitions [9, 10, 11] relevant to higher kinetic energy corresponding to T ∼ 10 4 K. In addition to huge quenching cross sections, the experiment revealed an unexpected n-dependence and isotope effect (A = 3, 4) for effective annihilation rates. These results also cannot be explained by earlier considerations of collisional processes of (pHe 2+ ). In the papers [12, 13] collisions of cold (pHe 2+ ) nl ion with surrounding helium atoms at T ∼ 10 K were considered in the framework of close coupling approach with account for the states with all angular momenta l from n − 1 to 0 at the fixed n. A model interaction between two colliding subsystems was taken as
where V 0 (R) is an adiabatic potential of the interaction between the ionic charge (+1) and He atom, R and r are distances from the ion center of mass to He atom and from He 2+ nucleus top, respectively, and θ is the angle between vectors R and r (see Fig.1 ). Second and third terms in Eq.(1) take into account interactions of electric dipole and quadrupole momenta of the ion with He atom polarized by the unit ionic charge, so
2 take into account a displacement of a center of charge with respect to center of mass in thepA 2+ system and, for ξ 2 , a difference of two masses too. A correction of order r 2 to the scalar term in (1) is omitted. The dipole and quadrupole terms in (1) can mix nl states of the ion and lead to Stark transition. Induced annihilation due to mixing with S and P states during collisions was also taken into account. The potential V 0 (R) is, in fact, the same as the adiabatic potential of the interaction between proton and He atom. It was approximated by the sum of the Morse potential V M (R) and the long-range polarization potential cut off at an intermediate distance,
with the parameters [14, 15 ] α = 1.383, D 0 = 0.075, R e = 1.46, β = 1.65, γ = 0.005. Here and further in this work we use atomic units ( = e = m e = 1) unless otherwise specified. This model gives cross sections of Stark transitions from circular orbits with n ∼ 30 at E = 10 K that are of order or greater than effective quenching cross section σ q . Stark transition rates averaged over thermal motion correlate similarly with the observed effective annihilation rates. Thus, the model allows to understand qualitatively the observed data. Moreover, it gives also some isotope effect with correct sign and an increasing of the rates with n. However, if to take into account a whole cascade of Stark and radiative transitions from the initial circular orbit up to annihilation from S and P states, it turns out that the obtained Stark cross sections have not enough high values.
A possible improvement of the theory can be to use an ab initio Potential Energy Surface (PES) for three heavy particle in the (p − He 2+ − He) system instead of the model potential (1) - (4) . In this paper we calculate the potential energy surface for the mentioned system in the framework of the restricted (singlet spin state) Hartree-Fock method with subsequent account of the electronic correlations within the second order perturbation method (MP2). There are very few publications on ab initio PES calculations for systems involving antiproton and two or three nuclei. As far as we know, potential energy surfaces for the (pHe + ) − He and (pHe + ) − H 2 systems only were considered in the literature (see papers [16, 17] and [18] , respectively). A system under consideration in this paper (p − He 2+ − He) seems to be more simple because it has only two electrons instead of three electrons in the above mentioned systems. On the other hand, our system has nonzero total charge that leads to a long-range polarization interaction between subsystem 'antiprotonic ion -He atom'. So far as we know the publications on potential energy surface for the (p − He 2+ − He) system are absent in the literature. The paper is organized as follows. In Sec. 2 we introduce notations, outline briefly the used method of PES calculations, and define the Jacobi coordinates grid points for the calculation. The results for a general 3D view of the potential and more detailed dependencies of the PES on the variables cos θ, r and R as well as the results for calculations of the multipole expansion of interaction between atom He and ap − He 2+ subsystem are presented in Sec. 3. Matrices of the multipole terms in the basis of (pHe 2+ ) nl states are considered and compared with the model results in Sec. 4. With these matrices we have calculated total cross sections of collisional Stark transitions. The cross sections obtained with the PES potentials exceed the model results by 15 -20% at E ≤ 12 K. A general conclusion is given in Sec. 5. 
where θ is the angle between the vectors r and R, E e (r, R, cos θ) is the total energy of two electrons in the field of three heavy particle (a, b andp), and E He is the ground state energy of the isolated He atom. The first two terms in (7) take into account Coulomb interaction between the (a −p) subsystem and the nucleus b. Coulomb interaction between the nucleus a and antiproton (−2/r) is absent in (7) because it has to be included into inner energy of the (pHe 2+ ) ion. The potential (7) at r R reduces to the form of Eq. (1). The total energy of two electrons in the field of three heavy particle E e (r, R, cos θ) as well as the energy E He of the helium atom in the ground state were calculated in the framework of the restricted (singlet spin state) Hartree-Fock method with subsequent account of the electronic correlations within the second order perturbation method (MP2). We used the augmented correlation-consistent polarized valence sextuple zeta aug-cc-pV6Z and, for a comparison, quintuple zeta aug-cc-pV5Z molecular basis sets [19, 20] in the Cartesian form. The main part of the calculations involves the orbitals centered on the helium nucleus b as well as the orbitals centered on an effective 'nucleus' with the unit positive charge placed in the (pHe 2+ ) center of mass. The parameters of the basis set for the latter center were taken as for hydrogen. Additional calculations with the orbitals centered only on the helium nucleus b were also done showing a reasonable results at R r. Parameters of the basis sets were obtained from the Extensible Computational Chemistry Environment Basis Set Database [21] . To overcome the basis set superposition error (BSSE), at every configuration, the calculations were performed with the same basis set for both the helium atom and the system of two electrons in the field of three heavy particles.
For the calculations, we used the original program taking into account a negative charge of one of heavy particles (author I.V. Bodrenko). The program employs the RI ('resolution of identity') method for the electron-electron interaction integrals and allows to perform the Hartree-Fock based calculations for large systems or for a number of configurations with moderate computational resources (see [22, 23] for details).
The potential energy was calculated at the geometry configurations corresponding to the following regular grid in the Jacobi coordinates (initial value, step, final value): r = 0.1, 0.04, 0.9, R = 0.5, 0.1, 10, cos θ = −1, 0.1, +1; totally 42336 configurations. At the each grid point the Jacobi coordinates were transformed to the Cartesian ones by using the following masses of the particles (in a.m.u.): mp = 1.0073; M4 He = 4.0015, M3 He = 3.0149. The calculations with two basis sets (the quintuple zeta aug-cc-pV5Z and sextuple zeta aug-cc-pV6Z) give the effectively indistinguishable values of V (r, R, cos θ) in the mentioned region, therefore we will show below the results only for the more extended basis set (pV6Z).
Results for the Potential Energy Surface
A general view of the potential energy surface V (r, R, cos θ) depending on r and R is shown in Fig. 2 for three different angles between r and R (cos θ=+1 corresponds to antiproton position between two nuclei). The surface is very smooth except near the points |R+νr| = 0 and |R − λr| = 0, where one of the Coulomb terms in Eq. (7) tend to infinity. The potential as a function of cos θ is shown in Fig. 3 for several values of R at r = 0.3 (left part of the figure), 0.5 (right part). These values of r are about the mean radii of antiprotonic helium ion in the states n = 30, l = n − 1 and l = 0, respectively. It is seen from the Figure that a dependence of the potential on cos θ is rather weak in the region r 0.6, R 1. Therefore the expansion of the potential energy surface in Legendre polynomials
can be restricted by lowest multipoles (k = 0, 1, 2). 
Matrix of the potential energy surface in the basis of antiprotonic helium ion states
Potential energy surface considered in the previous section can be used, instead of the model (1) - (6), within a quantum close-coupling approach to the collisions of (pHe 2+ ) ion with He atoms. With this in mind, we consider the potential matrix in the basis of antiprotonic helium ion wave functions
where
R nl (r) are the radial hydrogen-like wave functions of antiprotonic helium ion, and Y lm (Ω r ) are the ordinary spherical functions. Diagonal matrix elements (10) have the same sense as monopole term V 0 (R) in the model potential (1), but the formers are calculated from ab initio PES and depends on the (pHe 2+ ) nl ion state. The calculated potentials V 0 nl (R) for different n and l are shown in Fig. 6 . For the comparison, the model potential V 0 (R) is also shown on the figure, part (a) . It is seen from the figure that all calculated curves are qualitatively similar to the model potential, however they have more deep minima that are shifted to lower R as compare the R e . Changes of V 0 nl (R) with the quantum numbers n, l can be formulated as follows: a position of minimum shifts to lower R and a depth of minimum is increasing (a) with increasing n for circulate orbits (l = n − 1); (b) with decreasing of l at fixed n.
Non-diagonal matrix elements (11) at k = 1, 2 have to be compared with the corresponding matrix elements of the model potential. The dependencies of the model matrix elements on quantum numbers can be separated out with factors In order to exclude effects of these factors, we introduce 'scaled' matrix elements
that are independent on quantum numbers in the model, but can depend for the ab initio potentials. Radial dependencies of the dipole and quadruple terms in the model potential (1) are defined by simple factors V 0 (R) and R (R −1 V 0 (R)) that are independent on the quantum numbers. Fig. 7 show dependencies of the 'scaled' ab initio dipole and quadruple matrix elements for the circular orbits in comparison with the model. It is seen that the difference between the ab initio and model matrix elements is appreciable at small and intermediate R (R 1.5 for k = 1, and R 2 for k = 2) but it is very small at higher R. All results of the calculations shown above refer to the system with two 4 He nuclei. We have done also the same calculations for the (p − He 2+ − He) system with 3 He nuclei. Potential energy surfaces as well as the diagonal and non-diagonal matrix elements for two isotopes are very close to each other. As an example we show in Fig. 8 a comparison of monopole terms V 0 (R) for 4 He and 3 He at n = 30, l = n − 1 together with the model potential V 0 (R). It is seen that ab initio potentials for two isotopes are practically indistinguishable, and the both differ markedly from the model potential. It should be noted, however, that in spite of the very close potentials, an isotope effect on dynamic characteristics (cross sections, transition rates, etc.) can be appreciable due the difference of the masses. We use the obtained PES potentials to calculate the cross sections of collisional Stark transition between the high states (n ∼ 30) of (pHe 2+ ) ion. The calculations of Stark cross sections were done by the same close coupling method as with the model potential [12, 13] . Fig. 9 shows the results obtained with ab initio and model potentials for the summary cross section of Stark transition from the state n = 30, l = 29 to l < 29 depending on energy. The model results contain a broad bump around 10 K that in fact is a superimposition of many resonances in different channels and partial waves [12, 13] . The cross section obtained with ab initio potentials has a more complicated energy dependence (two splitted bumps shifted to lower energies), because the ab initio potentials are deeper and depend on quantum number l of output channels. In the considered energy region (E ≤ 12 K) the summary Stark cross section obtained with the PES potentials exceeds the model results by 15 -20%.
Conclusion
We have calculated the ab initio potential energy surface for the (p − He 2+ − He) system in the framework of the restricted Hartree-Fock method with account of the electronic correlations within the second order perturbation method (MP2). Dependencies of the potential energy surface on R, r and cos θ in the most interesting region are considered. At r ≤ 0.6, R ≥ 1 the angular dependence is rather weak that allows to use only low terms of multipole expansion. Dependencies on R and r are qualitatively similar to the model [12, 13] . summary Stark cross section at E ≤ 12 K obtained with PES potentials exceed the model results by 15 -20%. The more detailed results for the Stark cross sections as well as for transition rates averaged over termal motion and for the effective annihilation rates will be published separately.
